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Abstract: Accurate density prediction is important for biodiesel–alcohol blend development; 
however, random train-test splitting may overestimate the performance in structured 
thermophysical datasets. This study evaluated whether Bayesian-optimized Gaussian Process 
Regression (BO-GPR) can be generalized to unseen thermophysical groups. A dataset of 1,856 
observations was assessed using random row-wise split, group temperature, group pressure, and 
group alcohol composition validation. Seven regression models were compared using 10 repeated 
outer splits, validation-specific inner cross-validation, and Bayesian hyperparameter optimization. 
Model differences were examined using paired Wilcoxon signed-rank tests with Holm correction, 
and GPR uncertainty was assessed using 95% prediction-interval coverage. The BO-GPR achieved 
median R² values of 0.99997, 0.99864, 0.99999, and 0.99582 across the four validation schemes, 
with corresponding median RMSE values of 0.00024, 0.00143, 0.00012, and 0.00246 g/cm³, 
respectively. The GPR showedPR showed a significantly lower RMSE than all the benchmark 
models under group-based validation, whereas the difference from CatBoost was not significant 
under random splitting. The prediction interval coverage remained below the nominal 95% level, 
indicating that uncertainty calibration requires further improvement. These findings support the 
use of BO-GPR as a predictive surrogate within the evaluated domain, although independent 
experimental validation is required for broader applications. 
 
Keywords: Bayesian optimization, biodiesel–alcohol blends, Gaussian process regression, 
machine learning. 
 

 
Introduction 

 

The development of biodiesel and biodiesel–alcohol blends has become increasingly important in renewable 

energy research because of the need for alternative fuels that are more sustainable, compatible with diesel 

engines, and capable of providing stable combustion characteristics compared to conventional fossil fuels. In the 

formulation of these fuels, density is a key thermophysical property that affects fuel injection, atomization, spray 

penetration, spray angle, droplet size, combustion efficiency, storage stability, and fuel quality assessment [1], 

[2]. Density variations caused by changes in temperature, pressure, alcohol type, and blend composition can 

influence the air–fuel mixing quality and combustion performance [3]. Therefore, accurate density prediction is 

essential in the development of biodiesel–alcohol blends, particularly because experimental measurements can 

be costly, time-consuming, and limited to specific operating ranges [4], [5]. 

 

Physically, the density of biodiesel–alcohol blends is governed by the simultaneous effects of temperature, 

pressure, alcohol type, and composition. Density generally decreases as temperature increases owing to thermal 

expansion, whereas increasing pressure increases density through fluid compressibility effects [6], [7]. The 

addition of alcohols such as 1-butanol and 2-butanol also tends to reduce the blend density because alcohols 

have lower densities than biodiesel, although the magnitude of this effect depends on the molecular structure 

and blend fraction [8], [9], [10]. Empirical and semi-empirical models, including Tait, Tammann–Tait, PC-

SAFT, Wilson, NRTL, mixing rules, and two-dimensional regression, have been used to correlate the density 

and other thermophysical properties of biodiesel [11], [12], [13]. However, these approaches may have limited 

validity ranges and may be less flexible in representing nonlinear relationships within complex temperature–

pressure–composition systems. 
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Machine learning has emerged as a data-driven approach capable of predicting biodiesel and thermophysical 

properties with high accuracy. Models such as random forest, XGBoost, CatBoost, artificial neural network, 

support vector machine, adaptive neuro-fuzzy inference system, and Gaussian process regression have been 

applied to predict the density, viscosity, cetane number, calorific value, cold flow properties, thermal 

conductivity, and other fuel properties [14], [15], [16], [17]. In the context of biodiesel–alcohol density prediction, 

previous studies have shown that machine learning models, such as Gaussian process modeling, ANFIS, and 

decision trees, can produce low prediction errors, including very small MAPE values for specific datasets [18]. 

In addition, the integration of machine learning with physical models or equations of state has been explored to 

improve the prediction of thermophysical properties and address the limitations associated with experimental 

data [13], [19], [20], [21]. However, a methodological gap remains in the evaluation of model performance when 

thermophysical datasets contain structured combinations of temperature, pressure, composition and alcohol 

type. Random splitting may place similar thermophysical conditions in both the training and test sets, causing 

overly optimistic estimates based on interpolation rather than unseen-condition generalization [22]. Therefore, 

group-based validation based on temperature, pressure, and alcohol composition combinations is required to 

assess model generalization under conditions that are structurally separated from the training data. 

 

Based on this gap, this study developed and evaluated a Bayesian-optimized Gaussian process regression (GPR) 

framework for the density prediction of biodiesel–alcohol blends under random row-wise and thermophysical 

group-based validation. Gaussian process regression was selected because of its probabilistic formulation, ability 

to model nonlinear relationships, and capability to provide predictive uncertainty, whereas Bayesian 

optimization was employed to systematically optimize model hyperparameters within predefined search spaces 

[23], [24], [25], [26]. The proposed model was compared with linear regression, ridge regression, decision tree, 

random forest, XGBoost, and CatBoost using random row-wise validation and group-based validation based on 

the temperature, pressure, and alcohol composition. The main contribution of this study is the integration of 

Bayesian-optimized GPR with thermophysical group-based validation to produce a biodiesel–alcohol density 

prediction model that is not only accurate under random split evaluation but also robust in predicting unknown 

thermophysical conditions. 

 

Methods 
Research Framework and Dataset 
 
This study employed a comparative quantitative modeling framework to predict the density of biodiesel–alcohol 
blends using experimental thermophysical data compiled from three previously published studies on waste 
cooking oil biodiesel blended with 1-butanol and 2-butanol under various temperature, pressure, and 
composition conditions [27], [28], [29]. The dataset contained two alcohol types, 12 composition levels, 23 
pressure levels, and six temperature levels for the model training. The overall research framework is shown in 
Figure 1 and comprises data preparation, thermophysical grouping, repeated validation, model development, 
Bayesian hyperparameter optimization, performance evaluation, statistical comparison, and GPR uncertainty 
analyses. 

 
Figure 1. Research framework for Bayesian-optimized Gaussian process regression 
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Table 1. Thermophysical characteristics of the integrated dataset 

Variable Definition Minimum Maximum Unit 

Composition 𝑥 Mole fraction of WCOB 0 1 mol fraction 

Pressure 𝑝 Applied pressure 0.1 140 MPa 

Temperature 𝑇 Measurement temperature 298.15 393.15 K 

Density ρ Measured blend density 0.7048 0.9427 g/cm³ 

 

 
Figure 2. Gaussian process regression model 

 

The selection of these variables was based on the thermophysical relationship in which biodiesel–alcohol blend 

density is influenced by composition, pressure, temperature, and alcohol type. Previous studies have shown that 

temperature and alcohol composition generally decrease density, whereas pressure increases density owing to 

fluid compressibility effects [18]. In the compiled experimental data, the composition variable 𝑥 represents the 

mole fraction of waste cooking oil biodiesel (WCOB), with 𝑥 =  0 representing the alcohol-rich endpoint and 

𝑥 =  1 representing pure WCOB. This definition is consistent with the experimental studies used to construct 

our dataset. To distinguish interpolation from generalization to unseen thermophysical conditions, four 

validation schemes were used: random row-wise split, group temperature, group pressure, and group alcohol–

composition. Each scheme was evaluated using 10 repeated outer splits with different random seeds, and 

hyperparameter optimization was performed only on the corresponding training data using validation-specific 

inner cross-validation. 

𝑥𝑖 = [𝑥𝑖 . 𝑝𝑖 . 𝑇𝑖 . 𝑎𝑖] (1) 

𝑦𝑖 = ρ𝑖 (2) 

where 𝑥𝑖denotes WCOB mole fraction, 𝑝𝑖 denotes pressure in MPa, 𝑇𝑖 denotes temperature in K, 𝑎𝑖 denotes 

alcohol type, and ρ𝑖 denotes blend density in g/cm³. Composition, pressure, and temperature were treated as 

numerical variables, whereas alcohol type was treated as a categorical variable and encoded using one-hot 

encoding. For linear regression, ridge regression, and GPR, the numerical features were standardized using 

StandardScaler, whereas tree-based models used the original numerical scale. All preprocessing operations 

were implemented within the corresponding model pipelines and fitted using the training data only. 

 

Gaussian Process Regression (GPR) 

 

Gaussian process regression (GPR) was used as the primary probabilistic regression model because it can 

represent nonlinear relationships between thermophysical variables and density while providing both 

predictive means and predictive uncertainty. Unlike parametric models that assume a predefined functional 

form, GPR defines a distribution over latent regression functions through a covariance structure. This 

formulation is suitable for continuous thermophysical data, in which density depends on the combined effects 

of temperature, pressure, composition, and alcohol type. Similar probabilistic machine learning approaches 

have been applied to biodiesel property prediction using experimental datasets [30], [31]. Figure 2 illustrates 

the conceptual structure of the GPR model used in this study.  

 

In this study, the relationship between the input vector (x) and the density target (y) was modeled as follows: 

 
y = f(𝑥) +  𝜀 (3) 

where ε  represents the observation noise. The latent function is assumed to follow a Gaussian process: 

 

f(𝑥) ∼ 𝐺P(𝑚(𝑥), 𝑘(𝑥, 𝑥′)) (4) 
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Table 2. GPR kernel configuration 

Kernel Type Kernel Structure Description 

RBF RBF Smooth nonlinear covariance function 
Matern 1.5 Matern, ν = 1.5 Less smooth covariance function 
Matern 2.5 Matern, ν = 2.5 Moderately smooth covariance function 
RBF + WhiteKernel RBF + WhiteKernel Smooth covariance function with noise component 

 

where 𝑚(𝑥) represents the mean function and 𝑘(𝑥, 𝑥′) denotes the covariance function or kernel. In the 

implementation, normalize_y=True was used so that the density target was normalized internally during GPR 

fitting. Given the training data (X) and target (y), the predictive distribution for a test point 𝑥∗ was obtained 

from the predictive mean and variance: 

 

μ∗ = 𝑘∗
𝑇(𝐾 + α𝐼)−1𝑦 (5) 

σ∗
2 = k(𝑥∗, 𝑥∗) − 𝑘∗

𝑇(𝐾 + α𝐼)−1𝑘∗ (6) 

where 𝐾 is the covariance matrix of the training data, 𝑘∗ is the covariance vector between the test point and the 

training data, α is the diagonal noise/regularization parameter, and I is the identity matrix. α is added to the 

diagonal of the covariance matrix to improve numerical stability and can also represent additional observation 

noise. Therefore, α is interpreted primarily as a statistical regularization/noise parameter rather than as a direct 

physical property of the biodiesel–alcohol blend. In this study, α was optimized within the range (10−8) to 

(10−2) using Bayesian optimization for each validation scheme. Because the target was normalized during GPR 

fitting, differences in optimized α between validation schemes are interpreted in terms of the required 

regularization of the fitted model rather than as direct differences in physical measurement noise. The 

predictive variance was subsequently used to construct empirical 95% prediction intervals for uncertainty 

analysis. 

 

The GPR kernel configurations are presented in Table 2. Four kernel structures were evaluated: RBF, Matern 

1.5, Matern 2.5, and RBF with WhiteKernel, which represent smooth, different degrees of covariance 

smoothness, and explicit noise effects, respectively. These kernels were selected to provide a focused and 

computationally tractable search space for continuous thermophysical data, whereas other kernel families were 

excluded to limit the optimization scope. 

 

The RBF kernel is formulated as 

𝑘𝑅𝐵𝐹(𝑥, 𝑥′) = σ𝑓
2 exp (−

|𝑥 − 𝑥′|2

2𝑙2
) (7) 

where σ𝑓
2 is the signal variance and (l) is the length scale. Meanwhile, the Matern kernel is expressed as: 

𝑘𝑀𝑎𝑡𝑒𝑟𝑛(𝑥, 𝑥′) = σ𝑓
2

21−ν

Γ(ν)
(

√2ν𝑟

𝑙
)

𝑣

𝐾ν (
√2ν𝑟

𝑙
) (8) 

where 𝑟 = |𝑥 − 𝑥′|, (ν) is the kernel smoothness parameter, Γ(ν) is the gamma function, and (𝐾ν) is the 

modified Bessel function. The value ν = 1.5 was used for a less smooth kernel, while ν = 2.5 was used for a 

covariance function with moderate smoothness. In the RBF + WhiteKernel configuration, the covariance 

structure was supplemented with an explicit noise component, as follows: 

 

k(𝑥, 𝑥′) = 𝑘𝑅𝐵𝐹(𝑥, 𝑥′) + σ𝑛
2 δ𝑖𝑗 (9) 

where σ𝑛
2  is the noise variance and δ𝑖𝑗 is the Kronecker delta. This structure was used to evaluate whether 

adding an explicit noise component could improve model robustness against variations in experimental data. 

 

Bayesian Optimization 

 

Bayesian optimization (BO) was implemented using BayesSearchCV with 100 iterations, RMSE-based scoring, 

model-specific search spaces, a different random seed for each repeated outer split, and parallel computation 

using all available CPU cores (n_jobs = −1). The optimizer used its implementation defaults for the initial 

evaluations, surrogate model, and acquisition strategies. For random row-wise validation, 5-fold shuffled KFold 

was used, whereas GroupKFold was applied for group-based validation. Hyperparameter optimization was 

restricted to the corresponding outer training data, followed by refitting and evaluation of the held-out outer 

test set. Figure 3 illustrates the general principle of BO for estimating the objective function and selecting the 

next sampling point using an acquisition function. In this study, BO was applied to optimize the GPR 

hyperparameters, particularly (α) and kernel type. 
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Figure 3. Schematic of Bayesian optimization 

 
Table 3. Hyperparameter search space of Bayesian-optimized GPR 

Hyperparameter Search Space Description 

alpha 10−8 − 10−2, Log uniform Noise regularization parameter for numerical stability and 
model smoothness 

kernel_type RBF, Matern 1.5, Matern 2.5, RBF + 
WhiteKernel 

Covariance structure for nonlinear density modeling 

 
Table 4. Machine learning models used for comparative density prediction 

Category Model Role Optimization 

Baseline regression Linear Regression (LR) Untuned linear reference None 
Regularized regression Ridge Regression (RR) Regularized linear benchmark Bayesian optimization 
Tree-based model Decision Tree (DT) Nonlinear benchmark Bayesian optimization 
Ensemble model Random Forest (RF) Bagging-based benchmark Bayesian optimization 
Boosting model XGBoost (XGB) Gradient boosting benchmark Bayesian optimization 
Boosting model CatBoost (CB) Ordered boosting benchmark Bayesian optimization 
Probabilistic model Gaussian Process Regression (GPR) Proposed probabilistic model Bayesian optimization 

 

In this study, the hyperparameter search space is shown in Table 3, which included α from (10−8) to (10−2) 

using a log-uniform distribution and four candidate kernel structures: RBF, Matern 1.5, Matern 2.5, and RBF 

+ WhiteKernel. The same Bayesian optimization framework was applied to Ridge Regression, Decision Tree, 

Random Forest, XGBoost, and CatBoost using model-specific search spaces, while Linear Regression was 

retained as an untuned reference baseline. In biodiesel machine learning studies, Bayesian-based optimization 

approaches have also been used to improve model accuracy and reduce the need for manual hyperparameter 

search [32], [33]. 

 
In general, the optimization process aims to find the best hyperparameter configuration (θ) which minimizes 
the cross-validation error. The objective function is formulated as follows: 
 

θ∗ = arg min𝑅𝑀𝑆𝐸𝐶𝑉
θ∈Θℒ𝒞𝒱

(θ) (10) 

 
where (θ = α, 𝑘𝑒𝑟𝑛𝑒𝑙𝑡𝑦𝑝𝑒), (Θ) is the hyperparameter search space, and (ℒ𝒞𝒱) is the loss value obtained from 
cross-validation. The implementation used neg_root_mean_squared_error; therefore, maximizing the negative 
RMSE is equivalent to minimizing cross-validation RMSE. A budget of 100 iterations was selected as a practical 
balance between search coverage and computational cost across repeated validation experiments and multiple 
benchmark models. 
 

Benchmark Models 
 
To evaluate the proposed GPR framework, it was compared with linear regression, ridge regression, decision 
tree, random forest, XGBoost, and CatBoost, as shown in Table 4. Linear regression was retained as an untuned 
reference baseline, whereas the other benchmark models were optimized using Bayesian optimization with 
model-specific search spaces. Linear models represent conventional regression relationships, whereas tree-
based and boosting models provide nonlinear benchmarks commonly used for tabular prediction and biodiesel 
property modeling [18], [34]. The comparison was performed under both random row-wise interpolation and 
repeated group-based validation of unseen temperature, pressure, and alcohol–composition conditions. 
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Table 5. Validation schemes used to evaluate interpolation and generalization performance 
Scheme Outer strategy Inner strategy Purpose 

Random Row-Wise Random 80:20 row-wise split 5-fold shuffled 
KFold 

Interpolation 

Group Temperature GroupShuffleSplit, 20% test-group 
proportion 

GroupKFold Unseen temperature levels 

Group Pressure GroupShuffleSplit, 20% test-group 
proportion 

GroupKFold Unseen pressure levels 

Group Alcohol–
Composition 

GroupShuffleSplit, 20% test-group 
proportion 

GroupKFold Unseen alcohol–composition 
groups 

 

Validation Strategy and Evaluation Metrics 
 
The validation strategy comprised random row-wise split, group temperature, group pressure, and group 
alcohol–composition. Random splitting used train_test_split with 20% test data to assess interpolation, whereas 
group-based validation used GroupShuffleSplit with a 20% test-group proportion: temperature values rounded 
to two decimals formed six groups, pressure values rounded to four decimals formed 23 groups, and each alcohol 
type combined with the WCOB mole fraction rounded to four decimals formed 14 groups. Group overlap 
between the outer training and test sets was checked for every split. For example, an observation at 310.15 K 
was assigned to the 310.15-K temperature group, an observation at 20.0000 MPa to the 20.0000-MPa pressure 
group, and an observation with 1-butanol and WCOB mole fraction 0.4999 to the alcohol–composition group 1-
butanol_x=0.4999. Each scheme was repeated 10 times using seeds 42–51; 5-fold shuffled KFold was used for 
random validation and GroupKFold for group-based validation, with hyperparameter optimization restricted 
to the outer training data. Model performance was evaluated using R2, RMSE, EV, and inference time, with 
RMSE serving as the primary error metric for Bayesian optimization and Wilcoxon signed-rank comparison 
with Holm correction. 
 
The Model performance was evaluated using the coefficient of determination R2, RMSE, explained variance 
(EV), inference time, and tuning time. The evaluation metrics were formulated as follows: 
 

EV = 1 −
𝑉𝑎𝑟(𝑦−𝑦̂)

𝑉𝑎𝑟(𝑦)
  

 

(11) 

 

𝑡𝑖𝑛𝑓 = (𝑡𝑒𝑛𝑑 − 𝑡𝑠𝑡𝑎𝑟𝑡) × 1000  (12) 

 
Equation (11) defines explained variance (EV), which quantifies the proportion of variance in the observed 
target values accounted for by the model predictions. Equation (12) calculates inference time in milliseconds 
based on the elapsed time between the start and end of the prediction process. To assess whether differences in 
predictive error between GPR and the benchmark models were statistically significant, paired Wilcoxon signed-
rank tests were performed using RMSE values from the same 10 repeated outer splits. The Holm–Bonferroni 
correction was applied within each validation scheme to account for multiple pairwise comparisons, with a 
significance level of 0.05. 
 

Results and Discussions 
 

Bayesian Optimization Results 
 
The Bayesian optimization results for the four validation schemes are presented in Table 6. The selected kernel 
varied across validation schemes and repeated runs, with RBF + WhiteKernel most frequently selected for 
Random Row-Wise Split (50%), Matern 1.5 for Group Temperature (40%), Matern 2.5 for Group Pressure (40%), 
and RBF for Group Alcohol composition (50%). This variation indicates that the preferred covariance structure 
depends on the validation scenario rather than a single kernel being consistently optimal for all the scenarios. 
 
The optimized α values also depend on the validation scheme. Random Row-Wise Split generally selected values 
around 10−6 , whereas Group Temperature and Group Alcohol–Composition frequently selected the upper 
search boundary of 10−2 , indicating a stronger preference for regularization under unseen-condition validation.  
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Table 6. Repeated Bayesian optimization results for GPR across validation schemes 

Validation Scheme Kernel Selection Alpha Behavior 

Random Row-Wise RBF + WhiteKernel (50%) Generally in the order of 10−6  
Group Temperature Matern 1.5 (40%) 10−2 selected in 8/10 runs 
Group Pressure Matern 2.5 (40%) Generally low, variation across runs 
Group Alcohol–Composition RBF (50%) 10−2  selected in 8/10 runs 

 
Table 7.  Median R2 and interquartile range across validation schemes 

Model Random R2 Group Temp. R2 Group Pressure R2 Group Comp. R2 

GPR 
0.99997  

[0.99995–0.99999] 

0.99864  

[0.99669–0.99948] 

0.99999  

[0.99997–0.99999] 

0.99582  

[0.99155–0.99895] 

LR 
0.98306  

[0.98194–0.98353] 

0.98172  

[0.97900–0.98616] 

0.97960  

[0.97844–0.98191] 

0.98196  

[0.97471–0.98518] 

RR 
0.98306  

[0.98193–0.98353] 

0.98158  

[0.97817–0.98565] 

0.98001  

[0.97849–0.98203] 

0.98196  

[0.97396–0.98544] 

DT 
0.98740  

[0.98669–0.98845] 

0.85853  

[0.83147–0.86665] 

0.98912  

[0.98764–0.99010] 

0.94710  

[0.93699–0.96262] 

RF 
0.99599  

[0.99569–0.99620] 

0.86444  

[0.84429–0.87791] 

0.99042  

[0.99000–0.99151] 

0.94720  

[0.93328–0.96289] 

XGB 
0.99936  

[0.99934–0.99946] 

0.85785  

[0.63850–0.86492] 

0.98379  

[0.98193–0.98898] 

0.95008  

[0.91208–0.95953] 

CB 
0.99994  

[0.99994–0.99995] 

0.86055  

[0.84213–0.86602] 

0.98932  

[0.98860–0.99197] 

0.98375  

[0.96549–0.99013] 

 
Table 8.  Median RMSE and interquartile range across validation schemes 

Model Random RMSE Group Temp. RMSE Group Pressure RMSE Group Comp. RMSE 

GPR 
0.00024  

[0.00015–0.00030] 

0.00143  

[0.00084–0.00192] 

0.00012  

[0.00009–0.00025] 

0.00246  

[0.00116–0.00380] 

LR 
0.00543  

[0.00515–0.00563] 

0.00453  

[0.00440–0.00583] 

0.00577  

[0.00507–0.00621] 

0.00517  

[0.00477–0.00604] 

RR 
0.00543  

[0.00515–0.00563] 

0.00453  

[0.00448–0.00595] 

0.00575  

[0.00503–0.00624] 

0.00511  

[0.00467–0.00613] 

DT 
0.00469  

[0.00441–0.00473] 

0.01377  

[0.01362–0.01399] 

0.00418  

[0.00405–0.00430] 

0.00851  

[0.00749–0.00929] 

RF 
0.00264  

[0.00255–0.00273] 

0.01328  

[0.01306–0.01382] 

0.00372  

[0.00351–0.00421] 

0.00830  

[0.00697–0.00959] 

XGB 
0.00106  

[0.00094–0.00108] 

0.01383  

[0.01372–0.02042] 

0.00480  

[0.00426–0.00559] 

0.00908  

[0.00747–0.01182] 

CB 
0.00031  

[0.00028–0.00033] 

0.01368  

[0.01341–0.01382] 

0.00391  

[0.00353–0.00445] 

0.00493  

[0.00370–0.00691] 

 
The previously reported values of approximately 100 − 104 were inconsistent with the declared search space 
and were therefore corrected; α is a model regularization/noise parameter rather than a direct measure of 
physical experimental noise. Because the upper bound was frequently selected, these values represent the 
preferred regularization within the tested range rather than an optimum unconstrained value. 
 

Comparative Model Performance 
 
The results in Tables 7 and 8 and Figures 4 and 5 show that GPR achieved the highest predictive performance 
across the four validation schemes. The median R2 The values were 0.99997, 0.99864, 0.99999, and 0.99582 for 
Random Row-Wise Split, Group Temperature, Group Pressure, and Group Alcohol composition, respectively, 
with corresponding median RMSE values of 0.00024, 0.00143, 0.00012, and 0.00246 g/cm³. The largest 
performance differences occurred under Group Temperature, where tree-based and boosting models showed 
substantially lower median R2, particularly XGBoost (0.85785), whereas Linear Regression and Ridge remained 
at approximately 0.982. These results indicate that group-based validation reveals differences in model 
generalization that are not apparent under random row-wise splitting of the dataset. 
 
The paired Wilcoxon signed-rank results in Table 9 provide statistical support for these differences. After Holm 
correction, GPR showed significantly lower RMSE than all benchmark models under Group Temperature, 
Group Pressure, and Group Alcohol–Composition (𝑃𝑎𝑑𝑗  =  0.0195). Under Random Row-Wise Split, GPR also 

showed significantly lower RMSE than Linear Regression, Ridge, Decision Tree, Random Forest, and XGBoost 
(𝑃𝑎𝑑𝑗  =  0.0117), whereas its difference from CatBoost was not statistically significant (𝑃𝑎𝑑𝑗  =  0.1055). Thus,  

 
Table 9. Paired Wilcoxon signed-rank test comparing GPR and benchmark models based on RMSE 
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Validation scheme LR Ridge DT RF XGB CB 

Random Row-Wise 0.0117* 0.0117* 0.0117* 0.0117* 0.0117* 0.1055 

Group Temperature 0.0117* 0.0117* 0.0117* 0.0117* 0.0117* 0.0117* 

Group Pressure 0.0117* 0.0117* 0.0117* 0.0117* 0.0117* 0.0117* 

Group Alcohol–Composition 0.0117* 0.0117* 0.0117* 0.0117* 0.0117* 0.0195* 
Note: Values are Holm-adjusted p-values from paired Wilcoxon signed-rank tests using 10 paired repeats. An asterisk (*) indicates statistical 

significance at the 0.05 level (𝑝𝑎𝑑𝑗 < 0.05); unmarked values are not statistically significant. 

 
the statistical evidence for the GPR advantage is strongest under group-based validation, where models are 
evaluated on thermophysical groups excluded from training. 
 
Figures 4 and 5 illustrate the median R2 and median RMSE, respectively, with their corresponding interquartile 
ranges. GPR maintained median R2 values above 0.99 across all four validation schemes and generally showed 
narrower interquartile ranges than the tree-based and boosting models under group-based validation. Linear 
Regression and Ridge maintained median R2 values around 0.982 under Group Temperature, suggesting that 
a systematic component of the temperature–density relationship can be captured by simpler regression models. 
In contrast, the lower median R2 and wider interquartile ranges of the tree-based and boosting models indicate 
greater sensitivity to changes in the temperature conditions represented in the test data. 
 
The observed model behavior was consistent with the thermodynamic characteristics of the biodiesel–alcohol 
blends. The density generally decreases with increasing temperature because of thermal expansion, whereas 
increasing pressure increases the density through compressibility effects. The low median RMSE under Group 
Pressure (0.00012 g/cm³) indicates that GPR predicted density accurately for the held-out pressure groups, 
whereas the higher median RMSE under Group Temperature (0.00143 g/cm³) reflects the greater difficulty in 
generalizing across unseen temperature levels. Overall, GPR maintained median R2 values above 0.99 and the 
lowest median RMSE across the four validation schemes, demonstrating the importance of evaluating model 
performance with group-based validation rather than relying solely on random row-wise splitting of the data. 
 
 

 
 

Figure 4.  Median R2 and interquartile range (Q1–Q3) across four validation schemes. 
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Figure 5. Median RMSE and interquartile range (Q1–Q3) across the four validation schemes. 

 

Robustness and Error Analysis 
 
Figure 6 presents the actual versus predicted density for BO-GPR under a representative group temperature 
split, with most observations concentrated around the diagonal line. This behavior is consistent with the 
repeated validation results, where GPR achieved mean R2 The values were 0.99996, 0.99538, 0.99974, and 
0.99282 for random row-wise split, group temperature, group pressure, and group alcohol–composition, 
respectively, with corresponding RMSE values of 0.000236, 0.001880, 0.000332, and 0.002717 g/cm³. Thus, 
although unseen temperature and alcohol composition conditions remain more challenging, the repeated results 
show that prediction accuracy is maintained across the evaluated validation schemes. 
 
The error pattern was consistent with the thermophysical behavior of the biodiesel–alcohol blends. 
Temperature affects density through thermal expansion; therefore, excluding temperature levels from the 
model training requires the GPR model to infer the density response from neighboring thermophysical patterns. 
Figure 7 shows the RMSE at the two temperature levels in the representative group temperature split. The 
RMSE was 0.00617 g/cm³ at 298.15 K and 0.00055 g/cm³ at 313.15 K, indicating that the prediction error differed 
between the two held-out temperature levels. This behavior is also consistent with conventional thermodynamic 
density correlations and equations of state, and mixture-based approaches reported for biodiesel and biofuel 
systems [27], [28]. The present framework achieved a mean R2 of 99.70% across the four validation schemes; 
however, the results are not directly comparable because the datasets and validation protocols differ. 
 

 
Figure 6. Actual versus predicted density for BO-GPR 

under a representative group temperature split. 

 
Figure 7. RMSE at the two temperature levels for BO-
GPR under a representative group temperature split. 
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Table 10. BO-GPR predictive performance and computational cost across validation schemes 

Validation scheme R2 mean ± sd RMSE mean ±sd 
(g/cm³) 

EV mean ± 
sd 

Inference time (ms) 
mean ± sd 

Tuning time (s) 
mean ± sd 

Random row-wise 
split 

0.99996 ± 
0.00003 

0.000236 ± 
0.000090 

0.99996 ± 
0.00003 

9.42 ± 0.13 1454.82 ± 109.93 

Group temperature 0.99538 ± 
0.00684 

0.001880 ± 
0.001378 

0.99577 ± 
0.00650 

11.53 ± 0.16 592.26 ± 116.87 

Group pressure 0.99974 ± 
0.00078 

0.000332 ± 
0.000576 

0.99974 ± 
0.00078 

9.45 ± 0.36 1664.61 ± 289.81 

Group alcohol–
composition 

0.99282 ± 
0.00848 

0.002717 ± 
0.001786 

0.99391 ± 
0.00768 

9.62 ± 0.25 1057.26 ± 272.14 

 
The GPR predictive intervals provided empirical coverage below the nominal 95% level across the evaluated 
validation schemes, indicating that the uncertainty estimates were not fully calibrated. The prediction interval 
width varied across the validation schemes, reflecting differences in predictive uncertainty under random and 
unseen condition validations. Therefore, although GPR provides probabilistic predictions, the resulting 
intervals should be interpreted as uncalibrated empirical uncertainty estimates within the present 
experimental domain 
 
Table 10 summarizes the repeated BO-GPR performance and the computational costs. The inference time 
ranged from 9.42 to 11.53 ms across the four validation schemes, whereas Bayesian optimization required 
substantially more computational time, ranging from 592.26 to 1664.61 s. The experiments were conducted 
using Google Colab connected to a Windows 11 local runtime equipped with a 24-core/32-thread CPU, 31.79 GB 
RAM, NVIDIA GeForce RTX 5060 Ti GPU with 16 GB memory, and Python 3.13.14. These results indicate 
that once training and hyperparameter optimization are completed, density prediction requires only a few 
milliseconds for the complete held-out test set of each outer split, whereas the principal computational cost 
occurs during model development. 
 

Conclusion 
 

In this study, a Bayesian-optimized Gaussian Process Regression (BO-GPR) framework was developed for 

biodiesel–alcohol blend density prediction using thermophysical group-based validation. The integrated dataset 

comprised 1,856 observations with composition, pressure, temperature, alcohol type as input features, and 

density as the prediction target. Across the four validation schemes, the GPR achieved median R² values of 

0.99997, 0.99864, 0.99999, and 0.99582 under random row-wise split, group temperature, group pressure, and 

group alcohol–composition, respectively. The corresponding median RMSE values were 0.00024, 0.00143, 

0.00012, and 0.00246 g/cm³. Paired Wilcoxon signed-rank tests with Holm correction confirmed significantly 

lower RMSE for GPR than all benchmark models under group-based validation, whereas its difference from 

CatBoost under random row-wise split was not statistically significant. These findings demonstrate the 

importance of evaluating prediction models on unseen thermophysical groups rather than relying solely on 

random splitting. The millisecond-level inference time supports the use of BO-GPR as a computational 

surrogate within the investigated data domain. However, the empirical coverage of the nominal 95% prediction 

intervals remained below the target level, indicating that uncertainty calibration requires further improvement. 

Future work should evaluate the framework using independent experimental data and calibrated uncertainty 

methods to assess its transferability beyond the present thermophysical domain.  
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